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We propose that mass-imbalanced superconductivity is realized in an effective two-channel Kondo lattice, and its
characteristic property appears in electromagnetic responses such as the Meissner effect. Starting from an effective two-
channel Kondo lattice model as a low-energy effective theory, and approximating it with two mean-field order parameter
components in a self-consistent fashion, it is shown that the balance of the two components is sensitively reflected in the
magnitude of the Meissner kernel, while thermodynamic properties are little affected by the balance. This remarkable
behavior is understood by the localized character of one partner in the Cooper pair, namely, the effect of the mass
imbalance. We briefly mention the relevance to the huge enhancement of the upper critical field under pressure observed
in Pr 1-2-20 systems.
The pairing between fermions is at the heart of supercon-
ductivity. In ordinary metals, a pair is formed by the same kind
of conduction electrons on the same Fermi surface with oppo-
site momenta. In such a situation, the effective mass of each
electron in the pair becomes the same order of magnitude,
namely, a mass-balanced pair is expected. Meanwhile, in ul-
tracold fermionic quantum gases, two different atomic species
take part in the formation of a Cooper pair, and the mass dif-
ference in the pair leads to a variety of interesting phenomena,
which have been extensively studied in recent years.1–25
In this Letter, we propose that such mass-imbalanced super-
conductivity can be realized in electronic systems described
by an effective two-channel Kondo lattice, and its character-
istic property could appear in electromagnetic responses such
as the Meissner effect.26, 27 On the basis of the effective two-
channel Kondo lattice model with two mean-field (MF) vari-
ables, we discuss the interplay between the behavior of the
Meissner kernel and the ratio of the two components. When
the two components coexist with equal weight, the Meissner
kernel becomes largest, while when one of the two compo-
nents vanishes, the Meissner kernel collapses due to the local-
ized character of one partner in the Cooper pair. In contrast,
thermodynamic properties are little affected by the balance of
the two components.
The two-channel Kondo lattice (TCKL) model is one of the
standard models in f -electron systems, particularly systems
having orbital degeneracy.28 For instance, it has been argued
extensively that the low-energy phenomena in PrT2X20 (T=Ir,
Rh, V, Ti; X=Zn, Al) can be described by the TCKL model,
in which an electric quadrupole plays an important role.29 The
Hamiltonian of the TCKL model is given by
HTCKL = H0 + J
∑
i
(si1 + si2) · Si, (1)
where H0 is the kinetic energy of conduction (c) electrons,
and sil =
∑
σσ′ c
†
ilσ(σσσ′/2)cilσ′ and Si denote the c-electron
spin in channel l = 1, 2 and the localized f -electron spin at
lattice site i.
Analysis using the dynamical mean-field theory (DMFT)
has shown that the model exhibits intriguing diagonal and off-
diagonal composite orders30–34 such as 〈si1 · Si〉−〈si2 · Si〉 , 0
∗E-mail address: hk@meiji.ac.jp
in the electron density (ne)-temperature (T ) phase diagram, in
addition to conventional antiferromagnetic and ferromagnetic
orders such as 〈Si〉 , 0. Among these orders, the composite
superconductivity involving the localized f -electron spin with
staggered center-of-mass momentum Q is fascinating, which
appears in a wide region of the phase diagram.32 This pecu-
liar superconducting state can also be regarded as an “odd-
frequency” pairing of conduction electrons in both the spin
and channel singlet sectors if we integrate out the f -electron
degrees of freedom.
Hoshino proposed an effective MF description for the su-
perconducting state33–35 with a fictitious pseudofermion fiσ
representing the f -electron spin Si in the low-energy effec-
tive theory. The MF description was verified by reproducing
the essential features of one-particle properties obtained by
DMFT calculation. On the basis of the MF Hamiltonian with
two order parameter components, W1 (which we denote as∆1)
and V2 (see Fig. 1), he investigated the fundamental properties
of the Meissner kernel. However, an explicit form of a Hamil-
tonian that leads to the MF description was not given, and the
self-consistency and stability of the MF solutions were not
elucidated in detail.
In this Letter, we perform the MF analysis in a fully self-
consistent fashion. To this end, let us introduce the following
effective Hamiltonian to be treated by the MF approximation:
H =
∑
k
↑,↓∑
σ
ξk

1,2∑
l
c
†
klσcklσ − α f †kσ fkσ
 + Hint. (2)
The channel and spin indices, l = 1, 2 and σ =↑, ↓, should be
regarded appropriately as (+1,−1) if necessary in the follow-
ing equations. Here, we assume that the kinetic energy satis-
fies the relation ξk = −ξQ−k, which ensures the stability of
the superconducting state with the staggered ordering vector
Q. In addition to this property, we assume an isotropic and
continuum system for simplicity. Moreover, we introduce a
small finite bandwidth αξk of the pseudofermion36 (called the
“ f -electron” hereafter) fkσ to keep track of the effect of the
large but finite effective mass of the f electron, m/α, where
the effective mass of c electrons is given by 1/m = ∂2ξk/∂k2
at the Fermi energy. It seems to be natural to introduce a fi-
nite bandwidth considering that the TCKL model was origi-
1
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Fig. 1. (Color online) Schematic illustration of the effective two-channel
Kondo lattice. (a) Mean-field picture of the composite superconductivity: the
Cooper pair of the f and c electrons in the channel 1, and the particle-hole pair
(emergent hybridization) of the f and c electrons in channel 2. The effective
mass of c ( f ) electrons is given by m (m/α). (b) Three energy bands in the
composite ordered phase.
nally derived from the corresponding Anderson lattice model,
in which f electrons are often described by weak dispersive
bands.
We consider the effective interaction in the form
Hint = −
1
2N0
∑
kk′
∑
lσ
[ U
1 − r f
†
Q−k′σ¯c
†
k′lσcklσ fQ−kσ¯
+
U
1 + r
f †k′σck′lσc†klσ fkσ
+ ηU
{
(lσ) f †k′σ¯ck′ ¯lσ¯cklσ fQ−kσ¯ + h.c.
}]
, (3)
where N0 is the number of lattice sites. The description for
each term in Hint is given below. For this interaction, we in-
troduce two types of order parameter,
∆l =
U
1 − r
1
N0
∑
k
σ 〈cklσ fQ−kσ¯〉 , (4a)
Vl =
U
1 + r
1
N0
∑
k
〈c
†
klσ fkσ〉 , (4b)
where ∆l is a singlet pair with finite center-of-mass momen-
tum Q, and Vl is the particle-hole pair (emergent hybridiza-
tion) between the c electron in channel l and the f electron. A
schematic illustration of the composite superconducting state
and the dispersion relations in the ordered state is shown in
Fig. 1(a).
Now, the meaning of each term in Eq. (3) is apparent. The
first and second terms favor the singlet particle-particle and
particle-hole pairs, respectively, where we have introduced
the asymmetric factor r to discriminate the attractive inter-
actions for these two components. Note that for r = 0, the
effective interaction is invariant under the particle-hole trans-
formation fkσ → σ f †Q−kσ¯, which exchanges the roles of ∆l
and Vl. The third term is the attraction between ∆l and V¯l.
This term should not appear in the normal state since it does
not conserve the number of particles. Nevertheless, a state
with coexisting ∆l and V¯l is indeed realized as shown by the
DMFT calculation,32 which may be understood by a higher-
order coupling term between ∆l and V¯l in the ordered state. To
reproduce the coexistence at the level of the MF approxima-
tion, the direct attraction, such as that given by the third term,
mimics such a coupling effect. It should be emphasized that
the interaction in Eq. (3) is meaningful only when the MF
approximation is adopted. It is sufficient for our purpose to
elucidate the relative deviation from the most coexisting state
given at r = 0 as follows.
In terms of these order parameters, the free energy per site
measured from that of the normal state is given by
F =
g(θ, φ)∆2
U
−
4T
N0
∑
k
ln
[ (1 + e−E+k /T )(1 + e−E−k /T )
(1 + e−ξk/T )(1 + eαξk/T )
]
, (5)
where E±k = [(1−α)ξk±
√
(1 + α)2ξ2k + ∆2]/2 [see Fig. 1(b)].
Note that there is another branch, ξk, which remains un-
changed through the phase transition, and hence it does not
contribute to the change in the free energy, although it gives
a gapless feature in the thermodynamics in the superconduct-
ing state. Here, we have factorized the order parameters37 in
terms of ∆, φ, and θ as
(∆1,V2) =
√
1 + η2
1 − η2
∆ cos φ [sin(θ − θ0), cos(θ + θ0)], (6a)
(∆2,V1) =
√
1 + η2
1 − η2
∆ sin φ [sin(θ + θ0), cos(θ − θ0)], (6b)
where tan θ0 = η [it is equivalent to θ0 ≡ θ∗(−r0, η), see be-
low]. The phase of ∆ is chosen as real without loss of general-
ity. The φ and θ dependences appear only through the effective
interaction strength introduced as
g(θ, φ) = 1
1 − η2
(
1 + 2η
2r2
1 − η2
+ r cos(2θ)
− η
(
1 + r
2
r0
)
sin(2θ) cos(2φ)
)
, (7)
where r0 = (1 − η2)/(1 + η2).
For η = r = 0, the free energy is independent of φ and
θ, and the order parameters minimizing F are degenerate for
arbitrary values of φ and θ. This limit corresponds to the sub-
group of the SO(5) symmetry group38 as argued in the litera-
ture.30–32, 35 For η > 0, the largest Tc is obtained for φ = 0 and
θ = θ∗, which is given explicitly by
θ∗(r, η) = 1
2
arctan
[
r
η(1 + r2/r0)
]
+
pi
4
. (8)
Note that it satisfies θ∗(r, η) + θ∗(−r, η) = pi/2. As the case of
φ = pi/2 is essentially equivalent to that of φ = 0, we restrict
ourselves to the case of φ = 0. In what follows, we consider
η > 0, φ = 0 (∆2 = V1 = 0), and we denote g∗ ≡ g(θ∗, 0).
Note that the superconducting order parameter ∆1 vanishes at
r = −r0 (θ∗ = θ0), while V2 = 0 for r = +r0 (θ∗ = pi/2 − θ0).
For r = 0, we have θ∗ = pi/4 with ∆1 = V2.
The self-consistent equation is obtained by differentiating
2
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Fig. 2. (Color online) Asymmetric factor r dependences for ρFU = 0.6,
η = 0.1, and α = 0: (a) transition temperature Tc, (b) ∆(0)/Tc at T = 0, and
(c) two order parameter components at T = 0, ∆1(0) and V2(0), together with
the magnitude ∆(0). Note that at r = ±r0, one of the components, V2 or ∆1,
vanishes. The dependences for α = 10−2 (not shown) are almost unchanged.
The values with the superscript (0) indicate the values for α = r = 0.
F(φ = 0, θ = θ∗) with respect to ∆ to obtain
g∗
U
=
1
N0
∑
k
f (E−k ) − f (E+k )
E+k − E
−
k
, (9)
where f (x) = 1/(ex/T + 1) is the Fermi–Dirac distribution
function. This equation is similar to that for a density-wave
order rather than the BCS gap equation far below Tc. How-
ever, for α = 0, the linearized equation is reduced to the same
form as the BCS gap equation with the attractive interaction
U/g∗. At T = 0, the self-consistent equation can be solved
analytically to obtain
∆(0) = (1 + α)D
sinh[(1 + α)g∗/2ρFU] , (10)
where D is half of the c-electron bandwidth and ρF is the c-
electron density of states per spin and channel at the Fermi
energy. We use the cutoff D as the unit of energy and fix
ρFU = 0.6 and η = 0.1 throughout this paper.
First, we discuss the r dependences. Figure 2 shows the r
dependences of Tc, ∆(0)/Tc, ∆(0), ∆1(0), and V2(0) at T = 0
for α = 0. The values for α = r = 0 are indicated by the
superscript (0). The behaviors for α = 10−2 (not shown) are
almost unchanged. As shown in Fig. 2(c), one of the gap com-
ponents is strongly suppressed as r deviates from r = 0, but
the magnitude of the gap ∆(0) is always finite, which deter-
mines the thermodynamic properties since the quasiparticle
bands depend only on ∆.
Next, we elucidate the nature of the Meissner kernel. To
obtain an expression for the Meissner kernel in the London
limit (q → 0), we utilize the Nambu representation,
C†k =
(
c
†
k1σ cQ−k2σ¯ fQ−kσ¯
∣∣∣ cQ−k2σ¯ c†k2σ f †kσ
)
=
(
C†Akσ C
†
Bkσ
)
. (11)
The Nambu space can be decoupled into two parts, A and
B, for φ = 0, and the two parts give essentially the same
contributions to the physical quantities. Thus, we consider
only part A. The matrix of the Green’s function, G(ξ, iωn) =
−
∫ 1/T
0 dτ e
iωnτ 〈Tτ CAkσ(τ)C†Akσ〉, where ωn = piT (2n + 1) is
the fermionic Matsubara frequency, is given by
G(ξ, z) = 1
W(ξ, z)

y − d2c dcds (z − ξ)ds
dcds y − d2s (z − ξ)dc
(z − ξ)ds (z − ξ)dc (z − ξ)2
 . (12)
Here, y = (z − ξ)(z + αξ), dc = (∆/2) cos θ∗, ds = (∆/2) sin θ∗,
and the determinant is W = (z−ξ)(y−∆2/4). Note that G(ξ, z)
directly depends on (r, η) only through θ∗(r, η).
By performing the standard procedure,39, 40 we express the
Meissner kernel in terms of the Green’s function as
Ks(T ) =
∫ D
−D
dξ T
∑
n
(
I(ξ, iωn) − I0(ξ, iωn)
)
, (13)
where I is given by the component of the Green’s function as
I(ξ, z) = G211 +G222 − 2G212 + α2G233 − 2αG223 + 2αG213, (14)
and I0 is the value for ∆ = 0. We have used the relation 1/ρF =
2m32F/3. The superconducting current is related to the vector
potential as j = −(e2/mc)Ks(T )A.
By using the fact that Ks(T ) must vanish at r = −r0 (θ∗ =
θ0), where ∆1 = 0, we can eliminate the contribution from I0
by using the value I at θ0, and we finally obtain the expression
Ks(T ) = Kas (T )
{
sin2(2θ∗) − sin2(2θ0)
}
+ Kbs (T )
{
sin2 θ∗ − sin2 θ0
}
, (15)
where
Kas (T ) = −
∆
4
8
∫ D
0
dξ T
∑
n
1
W2(ξ, iωn) , (16a)
Kbs (T ) = 2α∆2
∫ D
0
dξ T
∑
n
(iωn − ξ)2
W2(ξ, iωn) . (16b)
Note that Kbs (T ) has a prefactor α, and hence it vanishes for
α = 0. The Matsubara summation in Eq. (16) can be carried
out by using a contour integral, but it is not shown here be-
cause the explicit expressions are somewhat complicated.
Equation (15) indicates that Ks(T ) vanishes at r = −r0
(θ∗ = θ0) owing to the sine factors, as it should. With increas-
ing r from r = −r0, Ks(T ) increases and it reaches a maximum
around r = 0 (θ∗ = pi/4), where two order parameters coex-
ist most constructively as shown in Fig. 2(c). With a further
increase in r, Ks(T ) decreases again and it even vanishes at
r = +r0 (θ∗ = pi/2 − θ0) for α = 0, where V2 = 0 and only
the pairing between ck1σ and fQ−kσ¯ is realized. In this case, it
cannot carry the supercurrent since one of the partner of the
pair is completely localized with zero velocity. For small but
finite α, the f electron acquires a small velocity, which makes
3
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Fig. 3. (Color online) Asymmetric factor r dependence of Ks(0) at T = 0
for ρFU = 0.6, η = 0.1. Note that Ks is symmetric for α = 0.
Ks(T ) small but finite. Thus, the smallness of Ks(T ) at large |r|
reflects the localized character of the f electron, namely, the
mass imbalance in the pairing. The typical behavior of Ks(0)
at T = 0 as a function of r is shown in Fig. 3.
Performing the ξ integration in Eq. (16) at T = 0, we obtain
the explicit expressions
Kas (0) = 1 −
x0(3 + 4x20 − 4x0
√
1 + x20)
(1 + α)
√
1 + x20
, (17a)
Kbs (0) =
4α
1 + α
x0√
1 + x20
, (17b)
where x0 = (1 + α)D/∆(0). In the large-cutoff limit, we have
the asymptotic forms
Kas (0) ∼
α
1 + α
+
∆
4(0)
8(1 + α)5D4 , (18a)
Kbs (0) ∼ α
[
4
1 + α
−
2∆2(0)
(1 + α)3D2
]
, (18b)
which strongly depend on ∆(0)/D, and they vanish at D → ∞
for α = 0. Therefore, the Meissner kernel becomes very small
for ∆(0)/D ≪ 1.
Finally, we discuss the T dependences. Figure 4 shows the
T dependences of the two distinct contributions to the Meiss-
ner kernel, Kas (T ) and Kbs (T ), and the gap magnitude ∆(T )
in the inset. Kas (T ) and Kbs (T ) show monotonically increase
with decreasing T , similarly to the ordinary Meissner kernel.
Thus, the possible marked change in the Meissner kernel orig-
inates from the r dependence, i.e., the change in the ratio of
the attractive interactions. The normalized gap magnitude as
a function of T/Tc shows almost the same T dependence, as
shown in the inset. The absolute magnitude of ∆ changes ac-
cording to Fig. 2 and has moderately weak r dependence.
We briefly mention the experimental relevance. The Pr-
based cubic system PrT2X20 has attracted much attention be-
cause of its peculiar behaviors inherent from its orbital degen-
eracy.29 It has been argued that the low-energy properties of Pr
1-2-20 systems can be described by the TCKL model. In par-
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Fig. 4. (Color online) T dependences of the two distinct contributions to
the Meissner kernel. The inset shows the T dependence of the gap magnitude
∆(T ) normalized by ∆(0).
ticular, PrTi2Al20 successively undergoes quadrupole order-
ing and exhibits superconductivity at TQ = 2 K and Tc = 0.2
K, respectively, at ambient pressure.41, 42 Upon applying pres-
sure, Tc is enhanced to as high as Tc = 1.1 K at P = 8.7 GPa,
namely, Tc becomes about five times higher under pressure.
In contrast, the upper critical field extrapolated to T = 0 is
enhanced dramatically from Bc2(0) = 6.3 mT at ambient pres-
sure to 3.5 T at P = 8.7 GPa (by about 560 times). As in ordi-
nary metals, the upper critical field is roughly proportional to
T 2c , and the observed enhancement is one order of magnitude
larger. This puzzle may be resolved by considering the role
of the mass imbalance discussed in this paper. In other words,
the coherence length is related as ξ0 ∝ Ks(0), and then the
upper critical field is scaled by Bc2(0) ∝ ξ−20 ∝ [Ks(0)]−2. For
example, by comparing the values at r = 0 and r = ±0.7r0
in Figs. 2 and 3, the enhancement of Tc is about five times,
while that of [Ks(0)]−2 becomes as large as 102-103 due to the
effect of the mass imbalance. Although an explicit estimate of
the change in the attractive interaction is not available at mo-
ment, further experimental and theoretical investigations will
shed light on the interplay between the marked enhancement
of Bc2 and the character of the mass imbalance.
In summary, we propose that mass-imbalanced supercon-
ductivity can be realized in the effective two-channel Kondo
lattice, where the interplay between two order parameters (∆1
and V2) gives rise to a marked change in the Meissner ker-
nel with a moderate change in the thermodynamic properties.
The puzzle of the huge enhancement of the upper critical field
observed in PrTi2Al20 under pressure may be resolved by con-
sidering the effect of the mass imbalance. Further experimen-
tal and theoretical investigations are highly desirable to reveal
this peculiar mass-imbalanced superconductivity, which is not
expected in ordinary metals.
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